A new beam propagation method (BPM) is developed based on a direct approximation to the propagator using the [(p − 1)/p] Padé approximant. It is simple to construct and has the desired damping effect for the evanescent modes. The method is applied to a tapered waveguide for TM polarized waves, based on the energy conserving improvement of the one-way Helmholtz equation. Numerical results are compared with other variants of the BPM.
Introduction
The beam propagation method (BPM) [1] [2] [3] [4] is widely used in numerical simulation of optical waveguides.
For 2-dimensional wave-guiding structures and for TE or TM polarized waves, the governing equation is a scalar Helmholtz equation. The BPM relies on approximating the Helmholtz equation by a one-way Helmholtz equation involving a square root operator. However, this one-way equation violates power conservation in a z-variant waveguide, 3, 5 where z is the propagation direction, particularly for the TM case. 6, 7 Energy conserving one-way equations have been proposed by Vassallo 5 for the TE case and Godin 8 for the TM case related to a discrete version of Collins.
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Efficient numerical methods for solving the one-way Helmholtz equation or its energy conserving improvements can be developed based on rational approximants of the propagator (the exponential of the square root operator). 10 To model (or at least suppress) the evanescent modes, complex coefficient approximants [11] [12] [13] are needed. When a z-variant waveguide is approximated by a piecewise uniform waveguide (the "staircase" approximation), evanescent modes are excited and they can contaminate the solution if not suppressed. For 3-dimensional waveguides, [14] [15] [16] improper treatment of the evanescent modes can lead to instabilities. The energy conserving one-way equation 8 for the TM case involves a multiplication and a division of the refractive index profile in each step. For step-index waveguides, the evanescent modes excited by the "staircase" approximation can not be easily removed by the existing methods. 13 In this letter, we propose to use the [(p − 1)/p] Padé approximant for the propagator. It gives accurate approximation for the propagating modes and also suppresses the evanescent modes automatically.
Basic theory
The governing Helmholtz equations for TE and TM polarized waves are
and
respectively, where k 0 is the wavenumber in vacuum and n = n(x, z) is the refractive index. We have assumed that the time dependence is e −iωt for a circular frequency ω. If n has a gradual dependence on z (along the propagation direction) and when the back-scattered wave field can be ignored, the Helmholtz equations are often approximated by the following one-way Helmholtz equation
where n * is a reference refractive index and
for the TE or TM cases, respectively. However, when (3) is used over a large distance in the propagation direction, there will be an amplitude error in the mode coefficients. This has caused a violation of the power conservation law. 3, [5] [6] [7] For the TE case, a solution proposed by Vassallo 5 is to replace (3) by
A similar equation is obtained by Godin 8 for acoustic problems related a discrete energy conserving correction proposed by Collins.
9 It can be interpreted as the TM case:
The square root operator appeared in (3), (4) and (5) can be further approximated by its Padé approximants. 17 The resulting equations are often solved by Crank-Nicolson's method 2 or its higher order generalizations. 18 Notice that two steps are involved. The square root operator is first approximated, then the resulting equation is solved with a discretization in the propagation direction. A more efficient approach 10 is to combine these two steps into one and use a rational approximation to the exponential of the square root operator (i.e., the propagator) directly. When z is discretized and for a step from z j to z j+1 = z j + h, the numerical solution of (3) can be written as
where s = k 0 n * h, X is evaluated at z j+1/2 = z j + h/2, u j is an approximation of u at z j , etc. For the TE case, equation (4) for φ is identical to (3) and it can be solved with the same numerical scheme. Of course, it is necessary to transform from u to φ to start the calculation and transform back whenever a solution for u is needed. This can be easily done through a rational approximation 5 to the fourth root operator (1 + X) 1/4 . For (5), we can discretize the z variable to obtain
where φ j , φ j+1 approximate φ at z j and z j+1 , respectively, n and X are evaluated at z j+1/2 . Once again, the propagator P = exp(is √ 1 + X) is involved. Collins 10 first proposed to use a [p/p] rational approximation of P directly. If
then (6) is approximated by 12 is used, the evanescent modes are guaranteed to decay, but the decay rates are not correct. If the rotating branch-cut approximant 11 is used, the correct decay rates can be modeled, but more terms are required to obtain the same level of accuracy for the propagating modes. Their method has been used in a vectorial BPM.
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In (7), a multiplication and a division by n are involved. For waveguides with step-index profiles, evanescent modes are generated and the existing methods 13 can not easily suppress them. Our approach is to use the [(p − 1)/p] Padé approximant of P . Let
where a k , b k are new coefficients that depend on s and p, then (6) is reduced to
The case for (7) is similar. Since the operator X has real spectrum, it is useful to consider the approximation of P (λ) = e is √ 1+λ as λ → −∞, R 7,8 (λ) → 0. This ensures that the evanescent modes which are highly oscillatory in the transverse variable x are efficiently damped.
Numerical results
Our method based on [(p − 1)/p] Padé approximant of the propagator for solving (3) , (4) and (5) has been implemented and compared with the method of Yevick and Thomson. 13 For a numerical example, we consider a tapered waveguide studied before. 19 The parameters have been scaled and non- The waveguide is symmetric in x, so that the core is defined as the region |x| < d(z). For z < 0, we specify an incident wave which is identical to the symmetric propagating mode of the waveguide (z < 0). The propagating mode decays to 0 as |x| increases, but the decay rate is quite small. A computational interval of |x| < 6 is used with perfectly matched layers 20 for 5 < |x| < 6. The x interval [−6, 6] is then discretized with δx = 1/40 and the step size in z is h = 5. The operator X is approximated by a tridiagonal matrix obtained from a second order finite difference discretization. For this given discretization in x and z, we also calculate the "exact" solutions of the original Helmholtz equation (2), the one-way Helmholtz equation (3) and the energy conserving improvement (5). These calculations are based on the eigenvalue decomposition of X and the solution of (2) is computed through a scattering operator formulation. 21 The results indicate that (5) is a much better approximation to (2) than (3). In fact, compared with the solution of (2), the "exact" solutions of (3) and (5) and h = 10/3. The relative errors of (3) and (5) Next, we compare the "exact" solution of (5) , where s = hk 0 n * = 5. We also find R p,p by Yevick and Thomson's method using the modified Padé approximant. 12 These rational approximants are then used in (7) to find the solution of are not suppressed and the solution is contaminated when R 8,8 is used. On the other hand, the solution based on R 7,8 is much more accurate. The numerical solutions at z = 105 based on various rational approximants are compared with the "exact" solution of (5) 
Conclusion
Typical beam propagation methods are further approximations to the one-way Helmholtz equation (3). However, more accurate solutions can be obtained if the energy conserving one-way equations (4) and (5) are used. Efficient implementation of the BPM can be developed based on rational approximants of the propagator (the exponential of the square root operator). To model the evanescent modes, complex coefficient approximants [11] [12] [13] are needed. For the TM case and the energy conserving equation (5), previous methods 13 fail to suppress the evanescent modes generated when the staircase approximation is used to discretize the propagation direction. We demonstrate that this difficulty can be resolved with a 
